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All finite graphs can be embedded rectilinearly in euclidean 3-space E 3, so it is 
natural to add some conditions to obtain interesting classes of rectilinear graphs. 
In this paper we add some strong symmetry properties, such that only finitely 
many of these graphs exist. These graphs are of interest in the study of certain 
polyhedral 2-manifolds (see [3] and [4]), and this was the motivation for the 
present paper. Throughout we use the definitions and notations of Griinbaum's 
book [2], and, if necessary, of Coxeter's book [1]. 
D~lbitioa. A finite rectilinear graph G embedded in E 3 is called a Platonic graph 
(abbr. PG), if it has the following properties: 
(1) G has the symmetry group of one of the Platonic solids, i.e. the tetrahedral 
or the octahedral or the icosahedral group. 
(2) All vertices of G have same valence v (i.e. meet the same number of edges) 
and lie on the rotation-axes of G (defined by the symmetry group of G). 
(3) If some vertices of G form the 0-skeleton of a Platonic solid P with the 
symmetry group of G and the same rotation-center asG, then also the 1-skeleton 
of P belongs to G. 
R~msxh.  (1) We always identify the rotation-center with the origin. 
(2) The definition does not say anything about the distance-relations between 
the vertices of G and the origin. So we do not distinguish between graphs with 
same properties (1)-(3) and different distance-relations. 
(3) The conditions (3) in the definition looks less 'natural' than (1) and (2). But 
if one omits it or changes it a little, then there exist infinitely many examples (see 
the concluding remarks of this paper). 
(4) Besides the trivial case of a single point at the origin one easily finds the 
following 12 PG's: The 1-skeletons of the five Platonic solids, the 1-skeletons of 
the 4-prisms over the Platonic solids, the 1-skeletons of the 4-simplex and of the 
4-cross-polytope. If, as usual, f0(G) and [~(G) denote the number of vertices, 
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resp. edges of G, then the Euler-Poincar6-characteristic of G is given by 
Ix(G)l = f i (G) -  fo(G) = (~v - 1)fo(G). 
We denote a Platonic graph by Tix I or Oix I or Xlxl, if it has the tetrahedral or 
octahedral or icosahedral group and characteristic X.
The examples mentioned above (except he origin) are then: 
"['2, Ts, T8, T16; 04, 06, O16, O18; I10, I18, I40, I4a. 
It is the aim of this paper to show that in each of the three symmetry-classes exactly 
one further PG exists: 
Theorem. There exist exactly 16 finite Platonic graphs, namely the singleton and 
T2, T5, Ts, T16, T40, 
04, 06, O16, O18, 070, 
I10, I18, Ia0, I~, 1352. 
For the proof we need a definition and a lemma: Let P and Q be the 
1-skeletons of two Platonic solids, contained in G. For a vertex p ~ vert P vCe call 
a vertex q ~ vert Q adjacent o p, if q has minimal distance to p among all vertices 
of Q. Otherwise q ~ vert Q is called non-adjacent to p. If P and Q are homothe- 
tic, then exactly one q ~vert Q is adjacent o p. If P and Q are dual, then exactly 
the (3, 4, or 5) vertices of the facet of conv Q nearest o p are adjacent o p. 
If p (or Q) is the origin O, then all vertices of Q are adjacent to O. Clearly, if p 
is adjacent o q, then q is adjacent o p. 
Lemmm. G contains no edge between on-adjacent vertices. 
ProoL Let P and Q be subskeletons of G. Without restriction let P and Q be 
O, We consider two cases: 
Case 1. P and Q homothetic (Fig. 1). 
Let Pi ~ P, ql ~ Q, i = 1, 2 and p~ adjacent qi, i = 1, 2. So Plql resp. P2q2 lie on 
half-rays through O. If P--i-~2e G, then, because of the symmetry of G, also 
P2ql ~ G. Thus P--i~2fqp2ql =p evert  G, which contradicts the definition of G. 
P~ q~ 
Fig. 1. 
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Case 2. P and Q dual. Here we consider three subeases, according to the 
symmetry group of G. 
(a) Tetrahedral group. If p e vert P and q ~ vert Q are non-adjacent, they lie on 
opposite sides of O. So O ~ relint ~ and O ~ vert Q. Therefore ~ is no edge of G. 
(b) Octahedral group (Fig. 2). Let P be the octahedron and Q be the cube. 
Further pl~vert, P, qx~vert Q non-adjacent. Then qx belongs to the square 
opposite to Pl. Let p2~vertP be the opposite vertex of Pa, and let q2~vert Q
such that q~q2 is parallel to P-S-P-~2. If p~ c (3, then, because of the symmetry of G, 
also P2q2 ~ G and ~ f3 P2q2 =P e vert G, which contradicts the definition of G. 
(c) Icosahedral group (Fig. 3). Let P be the 1-skeleton of a dodecahedron a d Q 
the I-skeleton of an icosahedron with vertices in the centers of the dodecahedral 
facets (this is obviously no restriction, because we only consider intersections of
lines---compare Remark 2). 
We now consider a plane E 2 through two opposite dges ab and cd of P. Then 
1, 2, 3, 4 are vertices of Q, which lie in E 2. (The square in Fig. 3 shows the cube 
inscribed in the dodecahedron, which should help to understand Fig. 3.) 
If we rotate P and Q e.g. around the axis 14, the 20 vertices of P separate into 
4 classes, which are invariant against his rotation: a, b, c, and d are representa- 
tive of these classes. Especially a represents he vertices of P adjacent to 1. So lb, 
lc, and ld represent all possible edges on non-adjacent vertices of P and Q. 
lb~G implies 2a~G and lbN2a=p~ver tG.  
l c~G implies 3a~G and l cN3a=q~ver tG.  
ld~G implies 3b~G and ldN3b=r~ver tG.  
/ \  J // \~.. j / f \, 
b~ 
/ / r - . ,  
Fig. 3. 
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In all 3 cases we obtain a new vertex of G which contradicts the definition of (9. 
After the lemma we come to the proof of the theorem: 
Proof of the Theorem. We consider two cases: 
(a) G contains only one type of Platonic solids (and possibly the origin O), say 
P and positive dilatations P ' ,P" . . .  of P. Adjacent points p~ver tP ,  p '~ 
ver tP ' , . . ,  lie on one half-ray through O. If P has v-valent vertices, then 
obviously G has either v-vaient vertices or (v + 1)-valent vertices. In the first case 
G = P, in the second G is either the 1-skeleton of the 4-prism over P, or, in the 
tetrahedral case, the 1-skeleton of the 4-simplex. So besides the singleton we have 
11 of the 15 PG's. 
(b) G contains both types. Let P and Q be the largest (i.e. with largest 
inradius) of each type. Then at least one of them, say P, is 3-valent; and Q then 
3-, or 4-, or 5-valent, depending on the symmetry-class of G resp. P and Q. 
Because of the lemma each vertex of P has valence v = 3n or v = 3n + 1, n ~> 1. 
Because G is connected, P or one of its dilatations must be connected with Q or 
one of its dilatations. So n 1> 2. For the same reason each vertex of Q has valence 
v = k • m or v = k • rn + 1, m I> 2 and k = 3 or 4 or 5, depending on the symmetry 
class of G. From k ~> 3 follows m ~< n. 
We now show that rn = 2 (see Fig. 4): Let p ~vert P, q ~vert O be adjacent and 
p', p" , . . ,  resp. q', q" the corresponding vertices of dilatations P ' ,P"  . . . . .  O', 
O" . . . .  of P resp. O. 
From n~>2 follows that p joins at least one of the vertices q, q', q", . . . .  say q'. 
From m >12 follows that q joins at least one of the vertices p, p', p", . . . .  The only 
possibility is that q joins p, for otherwise the edges (say IX/' and qp') intersect. So 
2 = m ~< n and we have to solve the simple linear diophantine quations for the 
cases k = 3, 4, 5: 
v=3n or v=3n+l  n~>2, 
v=2k  or v=2/¢+1.  
(a) k = 3 (tetrahedral case). Two solutions are possible, both for n =2:  v = 6 
and v = 7. 
(b) /¢ = 4 (octahedral case). One solution, for n = 3: v = 9. 
(c) k = 5 (icosahedral case). One solution, for n = 3: v = 10. 
p~-" / 
~/// o q,, q, q 
Fig. 4. 
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Before we come to the realizations of these solutions we remark, that the origin, if 
it belongs to G, must have the following valences: 
(a) tetrahedral case: v = 4 or 8, 
(b) octahedral case: v = 6 or 14, 
(c) icosahedral case: v = 12 or 20 or 32. 
It is easy to check that in no case this coincides with the above solutions o that in 
no case the origin belongs to G. 
So we obtain the following constructions: 
(a) tetrahedral case. (1) v = 6:Ta6 is the 1-skeleton of the 4-cross-polytope. (2) 
o = 7 :T40 consists of two homothetic opies of T16 such that corresponding 
vertices are joined. 
(b) octahedral case: v = 9. 070 consists of the 1-skeleton of a cube, and its 
inscribed and circumscribed octahedra, such that all adjacent vertices are joined. 
(c) icosahedral case: v = 10. I3s2 contains the 1-skeletons of 2 dodecahedra and 
z~ icosahedra s follows: Take one dodecahedral 1-skeleton and its inscribed and 
circumscribed icosahedra, then join adjacent vertices. Then take a homothetic 
copy of this subcomplex of G and join the adjacent vertices o f  the two 
dodecahedra. 
This ends the proof of the theorem. 
Concludin~ remarks 
One obtains other interesting classes of rectilinear graphs if one changes the 
definition slightly: 
(1) If one considers infinite graphs instead of finite graphs (all other assump- 
tions remaining unchanged), then the lemma continues to hold and it is easy to 








and all bounds are attained. 
(2) If in the definition one omits the restriction that the Platonic solids have the 
same symmetry group as G, one obtains infinitely many examples in the tet- 
rahedral class, e.g. a 5-valent graph containing the 1-skeletons of n cubes and of 
two dual tetrahedra. 
(3) If in the definition one requires only that G contains the O-skeletons (i.e. 
the vertices) of Platonic solids with symmetry group of G, one obtains infinite 
classes of graphs. So the requirement of the 1-skeletons is essential for the 
definition. 
308 J.M. Wills 
(4) If in the definition one requires that G contains the 1-skeletons of Platonic 
and Archimedean solids with symmetry group of (3, one obtains infinitely many 
graphs, e.g. in the octahedral class a 6-valent graph containing the 1-skeletons of 
n rhombi-cuboctahedra (see [1]) with 4-valent vertices and of two cubes. 
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